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Abstract. We study the asymptotic behavior of solutions to stochastic evolution 
equations with monotone drift and multiplicative Poisson noise in the variational set- 
ting, thus covering a large class of (fully) nonlinear partial differential equations per- 
turbed by jump noise. In particular, we provide sufficient conditions for the existence, 
ergodicity, and uniqueness of invariant measures. Furthermore, under mild additional 
assumptions, we prove that the Kolmogorov equation associated to the stochastic equa- 
tion with additive noise is solvable in Li spaces with respect to an invariant measure. 



This paper is devoted to the study of asymptotic properties of the solution to an 
infinite dimensional stochastic differential equation of the type 



where A is a nonlinear monotone operator defined on an evolution triple V C H C V 
(see e.g. the classical works [I6l[l3]), and /2 is a compensated Poisson measure. Precise 
assumptions on the data of the problem will be given below. In particular, A may be 
chosen as the p-Laplace operator, as well as the porous media diffusion operator — A/3(-), 
thus covering a wide class of nonlinear partial differential equations with discontinuous 
random perturbations. 

While existence and uniqueness of solutions for ([T]) has been established in [9] (in fact 
allowing /i to be a general compensated random measure), we are not aware of any result 
on the asymptotic behavior of the solutions to such equations. Furthermore, as we show 
in this paper, invariant measures provide a suitable class of reference measures with 
respect to which one can study infinite dimensional Kolmogorov equations of non-local 
type, thus extending results that, to the best of our knowledge, were available only for 
second-order (local) Kolmogorov equations (see e.g. 

Let us briefly describe our main results in more detail: we first prove the existence of 
an invariant measure for the Markovian semigroup associated to ([T]) , under the (standing) 
assumption that V is compactly embedded in H. Moreover, suitable a priori estimates on 
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any invariant measure imply the existence of an ergodic invariant measure, and an extra 
superlinearity assumption on A yields exponential mixing, hence uniqueness. Finally, we 
prove that the (non-local) Kolmogorov operator L associated to ([T]), with G independent 
of n, is essentially m-dissipative in Li(H, v), with i' an infinitesimally invariant measure 
for L. The last result in particular is equivalent to the solvability in Li{H,v) of the 
(elliptic) integro-differential Kolmogorov equation associated to ([1]). 

We should mention that the case where the right-hand side in ([1]) is replaced by an 
additive Gaussian noise has been considered in [5], where sufficient conditions for the 
existence and the uniqueness of invariant measures are given. Moreover, the authors 
study the Kolmogorov equation associated to ([1]) in L2{H,u), assuming that A is dif- 
ferentiable and its differential satisfies a certain polynomial growth condition. Our Li 
approach does not require any such hypothesis. Moreover, combining the results in 
[5] with ours and appealing to the Levy-Ito decomposition theorem, one could rather 
easily obtain corresponding results for evolution equations driven by general (locally) 
square-integrable Levy noise. 

In this regard, let us also recall that results on existence and uniqueness of invariant 
measures for semilinear evolution equations driven by Levy noise can be found in the 
recent monograph ^7j, as well as in ^14]. However, the authors work in the mild set- 
ting, hence equations with fully nonlinear drift (i.e. without a leading linear operator 
generating a strongly continuous semigroup) cannot be covered. 

The rest of the paper is organized as follows: results on existence, uniqueness, and 
ergodicity of invariant measures v are contained in Section [2j In Section [Sj assuming 
that G does not depend on u and that A satisfies a (mild) "regularizability" hypothesis, 
we prove that the Kolmogorov operator associated to the stochastic equation ([T]) is 
dissipative, hence closable, and its closure is m-dissipative in Li{H, u). Equivalently, this 
amounts to saying that the (elliptic) infinite-dimensional non-local Kolmogorov equation 
associated to ([T]) is uniquely solvable in Li(H, u). In Section[3]we show that our abstract 
results apply to several situations of interest. In particular, we concentrate on equations 
with non-linear drift in divergence form (thus including the p-Laplace operator) and on 
the generalized porous media equations with pure-jump noise. 

1.1. Notation. Given a Banach (or Hilbert) space its norm will be denoted by | • 1^;. 
We shall denote the space of all Borel measureable bounded functions from X to M by 
Bb{E). Given another Banach space F, the space of /c-times continuously differentiable 
functions from E to F will be denoted by G^{E — s- F), and C^'^{E F) stands for the 
subset of G^{E — > F) whose elements posses a Lipschitz continuous k-th. derivative. We 
shall add a subscript -f, if the functions themselves and all their derivatives are bounded. 
If (j) : E —f F is Lipschitz continuous, we shall write S C^'^{E F), and we define 



If F = R, we shall simply write G^{E) etc. Sometimes we shall just write etc. if 
it is obvious what E and F are. By M.i{E) we shall indicate the space of probability 
measures on E, endowed with the (j{M.i{E),C^{E)) topology. Weak convergence (of 
functions and measures) will be denoted by by without explicit reference to the 
underlying topology if no confusion arises. 





sup 
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li X < NY for some positive constant N, we shall equivalently write X < Y. N 
depends on a set of parameters pi, ■ ■ ■ ,Pn, we shall also write = N{pi, . . . ,pn) and 
y < V 

2. Invariant measures and ergodicity 

Let (17, (^i)(>o, IP) be a filtered probability space satisfying the usual conditions, 
and E denote expectation with respect to P. All stochastic elements will be defined on 
this stochastic basis, unless otherwise specified. Let (Z, 2, m) be a measure space with 
a (7-finite measure m and /x a Poisson random measure on x Z with compensator 
Leb m, and set := fi — Leb (Xi m (Leb stands for Lebesgue measure on M). Let H be 
a real separable Hilbert space, and G : H x Z ^ H a measurable function such that 

\G{x,-)\l^:= [ \G{x, z)\% m{dz) <oo Vx G if. 
Jz 

Let V and V be a reflexive Banach space and its dual, respectively, such that V ^ 
H ^ V' with dense and continous embeddings. Thanks to Asplund's renorming theorem 
[3], we shall assume without loss of generality that both V and V are strictly convex. 
Furthermore, we shall assume that y if is compact. Both the duality pairing between 
V and V' and the inner product in H will be denoted by (•,•). 

The operator A : V ^ V' is assumed to be demicontinuous (i.e. strongly-weakly 
closed) and to satisfy the monotonicity condition 

2{Ax-Ay,x-y)-\G{x,-)-G{y,-)\l>0 Vx, y G (2) 

as well as the following coercivity and growth conditions: 

2{Ax,x) — \G{x,-)\'^ + ao\x\'jj > ai\x\y — Co Vx G (3) 

\Ax\v' < Ci\xfy^ + C2 Vx G V, (4) 

for some constants oq > 0, ai > 0, Co,Ci > 0, C2 G M and p > 2. Instead of ([3]) one 
could assume that there exists a constant ai > such that 

2{Ax,x) -\G{x,-)\l^>ai\x\l Vx G 

Note that, by ([3]) and ([Ij), one has 

|G(x,-)l™ < 2Ci|x|^ + ao|x||^ + 2C72jx|y + Co Vx G (5) 

All assumptions stated so far will be in force throughout the paper and will be used 
without further mention. 

Let us recall the following well-posedness result for ([T]) due to Gyongy (Oj Thm. 2.10]. 
Here and in the following we shall denote the space of ii- valued random variables with 
finite p-th. moment by Lp(fi), and the space of adapted processes X : [0,T] ^ H such 
that Esupi<r \X{t)f^ < 00 by Elp(r). 

Proposition 2.1. Let x G L2 (ii) and T >0. Then equation ([7]) admits a unique strong 
solution u such that u{t) G V P-a.s. for a. a. t G [0, T], t u{t) is cddldg in H, and 
satisfies 

Esup|u(t)|f^ +E / \u{t)\l.dt < 00. 

t<T Jo 
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Moreover, u is a Markov process, and the solution map x ^ u is Lipschitz continuous 
from La to m2{T). 

The solution to ([T]) generates a Markovian semigroup Pt on Bh{H) by the usual pre- 
scription Pt(j){x) = E(^(ti(t, a;)), (/> € Bb{H). The continuity of the solution map ensures 
that Pt is Feller. 

In the following subsection we establish the existence and uniqueness of an ergodic 
invariant measure for Pt under an assumption stronger than ([2|). The proof is adapted 
from a classical method used for stochastic evolution equations with Wiener noise in the 
mild setting (see e.g. [7]). This simple result is included only for completeness, while 
the main results of this section are contained in ^2.2[ 



2.1. Strictly dissipative case. Throughout this subsection we assume that there exists 
a E (0, oo) such that 

2{Ax-Ay,x-y)-\G{x,-)-Giy,-)\l>a\x-y\l yx,yGV. (6) 

We shall need a few preparatory results. The following inequality can be obtained by a 
simple computation based on ([5]), and Young's inequality (see e.g. [181 §4-3] for a 
related case). 

Lemma 2.2. Let r] G (0, a). There exist 5r^ G (0, oo) such that 

2{Ax,x) -\G{x,-)\'i>7]\x\jj-6^ yxeV. (7) 
Let us define the random measure /^i on M x Z as 



„ (f 4^ ._ / ^^it,A), t>0, AgZ, 



with /^o an independent copy of ^, on the naturally associated filtration {J-t)te'K- Let us 
also define the compensated measure measure fl := fii — Leb ® m. 
For s G M, consider the equation 

{du{t) + Au{t)dt = I G{u{t-),z)ij{dt,dz), t>s, 
Jz (8) 
u{s) = X. 

It is clear that ([H]) admits a unique solution u{t, s, x) which generates a semigroup Pg^t 
on Bi,{H), exactly as above. 

Lemma 2.3. Let s G (— oo,0] and x G I^2iH)- There exists r] G I^2iH), independent of 
X, such that 

lim E|'u(0,s,x) -r]\\ = 0. 

s— >— oo 

Moreover, one has 

E\uiO,s,x)-r]\jj<e'''il + E\x\l). 
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Proof. For si,S2 G (— oo,0], si < S2 and x G L,2{H), we have 

rO 



u{0, si,x) — u{0, S2,x) 



[Au{r, si,x) — Au{r, S2,x)]dr 



+ 



[G{u{r,si,x),z) - G{u{r, S2, x) , z)]fi{dr, dz) 

S2 Jz 
+ u{s2,si,x) -X. 

Appealing to Ito's formula for the square of the norm (see and recalling ([7]) we 
obtain 

'6r, 



E\u{0,si,x) -u{0,S2,x)\j^ < (^-^ + 2E|x|^)e"'2. 
Letting S2 tend to — oo, it follows that there exists ri(x) E L,2{H) such that 



(9) 



lim K\u{0,s,x) — r]{x)\'' 



0. 



By the same arguments one can prove that 

lim E\u{0,s,x) -u{0,s,y)f = 

for all x,y (z I^2{H), hence that rj is independent of x G lL2iH). Letting si tend to — cxd 
in ^ one obtains the exponential convergence. □ 

We can now prove the main result of this subsection. 

Theorem 2.4. Assume that ^ holds and that x G L2(//). There exists a unique 
invariant measure v for Pf. Moreover, one has 



I 



y?H^{.dy) < oo, 



and 



<e 2*|9?Uo,i / \y-w\Hi^{dw) 



for allt>0, ye H, and Lp G C^'^{H). 



Proof of Theorem \2.4\ Let u be the law of the random variable rj constructed in Lemma 
2.31 In particular, J \y\'^ i^{dy) < cxo is equivalent to r/ G Li2{H). Similarly, the previous 
lemma immediately yields Pgo^y ~^ ^ ^ V ^ ^ M.i{H) as s — > — oo. Moreover, 



for any ip G C^'^{H — > M), we have 

/ {Po,t^)diy = lim / {Po,t^)d{PloSy) = lim {Ps-t.ov){y) = [ 
i.e. v is invariant for Pj. Moreover, if i/ is an invariant measure for Pf, we have 



PMv) - 

for all t > 0. 



ip dv 



(p dv, 



{Ptipiy) - Pt<p{w))u{dw) <e 2 |99|^o.i / \y-w\Hv{dw) 



□ 
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2.2. General case. We can still prove the existence of an ergodic invariant measure 
without the assumption that the couple {A, G) is strictly dissipative, using an argument 
based on Krylov-Bogoliubov's theorem. 

Theorem 2.5. There exists an invariant measure v for Pf. Moreover, v is concentrated 
on V, i.e. I'iV) = 1. 

Proof. We assume p > 2, since the proof for the case p = 2 is completely similar. Let 
X G I^2{H). By Ito's formula for the square of the norm in H (see |11J) we have 

\u{t,x)\'jj — \x\'jj = 2 / {u{s—,x),du{s,x)) + [u]{t) 
Jo 

{Au{s , x) , u{s , x)) ds + 2 / / {u{s—,x),G{u{s—,x),z))p.{ds,dz) 
^0 Jz 

t 

2 



+ / / \G{u{s-,x),z)\ijij{ds,dz). (10) 
Jo Jz 

Taking expectations on both side and recalling that the compensator of p, is Leb ® m, 
we obtain 

E|ii(t,x)||^ = -2E f {Au{s,x),u{s,x)) ds + E\x\j^ + f \G{u{s,x),-)\'^ds, 
Jo Jo 

hence, thanks to ([3]), 

E\u{t,x)\jj <aoE [ \u{s,x)\'jjds-aiE [ \u{s,x)\l.ds + E\x\'jj + tGo. (11) 
Jo Jo 

Since V ^ H is continuous, there exists a constant c > such that \v\h < c\v\v for all 
V G V, hence 

ft ft 

E|ii(t,x)[^ < qqE / \u{s,x)\jjds -—E \u{s,x)\Pfjds + E\x\ji + tGo. 
Jo Jo 

The elementary inequality e^|yp < £^\y\^ + 1 (with e > and p >2) yields 

-E|n(t,x)|^ < -e'^~PE\u{t,x)\ji + e-P, 

thus also 

E\u{t, x)\l<- (^i^ - ao) 1^ nu{s, x)\l ds + t + Co) + E\x\l 

= -7/ E\u{s,x)fHds + E\x\jj + tG (12) 
Jo 



where 



7:= "0, C := — hCo. 

cP cP 



Choosing e so that 7 > and applying Gronwall's inequality to ([H]), it follows that 

E\u{t,x)\'jj <E\x\'jje-^^ + K Vt > (13) 
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where K is a constant independent of t. Moreover, by (|lip and p3|) we obtain 

eJ \u{s,x)\lrds < ^ (^aoE J \u{s,x)\Hds + K\x\jj + tCo 
1 

< — 

ai 



-^ + l]E\x\ij + t{aoK + Co) 



(14) 



for all t > 0. 

We shall now use the estimates just obtained to prove the tightness of the sequence 
of measures 

1 r 

n Jo 

where Aj stands for the law of the random variable u{t, 0), so that 



H 



1 r 

'n = - E^{u{t,Q))dt 

n Jo 



for all 9? G Bi,{H). By ([HD we obtain 



E 

which in turn implies 



/ \u{s,0)fyds <l + t Vt > 0, 

^0 



y\Py„^{dy) = - I K\u{s,0)\^yds<l VnGN. (15) 



By Markov's inequality we thus obtain 

supun{\y\v > R) <sup—- / E\u{s,0)\^ds < —, 

n&N nGN nU'' Jq tif 

which converges to zero as i? — > oo. Since the ball Bn := {y £ H : \y\v < R} is bounded 
in V, and V ^ H is compact, it follows that, for any given e, there exists R € M+ such 
that Vri{B]i) > 1 — e uniformly over n, with Bf^ a compact subset of H. In other words, 
the sequence f„ is tight, and Prohorov's theorem yields the existence of a subsequence 
Vnf, such that Vn^. ^ in Aii{H). Furthermore, recalling that Pt is Feller on v is an 
invariant measure for Pi by Krylov-Bogoliubov's theorem. 

Let us now show that v is concentrated on V . To this end, let : — > [0, oo] be a 
lower semicontinuous function such that 



G(y) 



\y\v, y^y, 

+00, y£H\V 



and @{y) = sup^gp^ |(^A;)2/)|) where {ik}k&N is a countable dense subset of BY' D H in 
the topology of H (see e.g. [ISl P- 74]), and Bf' is the closed unit ball in V' . Then ([13]) 
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implies 



Q{yY u{dy) = \im / ( sup | (4, y)^ A M) 



= sup lim / {sup \{ik,yW AM) Un,Sdy) 
L,Mm"-^°° J H k<L 

<liminf sup / (sup|(4,y>r A Af)z.„,(dy) 
L,MeNJH k<L 

= liminf / \y\^ i^nMv) < 

hence < oo u-a.e., thus also i^iV) = 1 since {y £ H : Q{y) < oo} = V. □ 
Theorem 2.6. Let v he an invariant measure for Pf. Then v satisfies the estimate 



H 



oo. 



Proof. Let x £ H and consider the one dimensional process U{t) := \u(t,x)\'jj, which 
can be written, in view of I1U|) . as 

U{t) = \x\jj+ [ Fi{s)ds+ [ [ F2{s,z)fL{ds,dz) + [ [ F^l^s, z) fi{ds,dz), 
Jo Jo Jz Jo J z 

where Fi, F2, F3 are defined in the obvious way. Let x € (M+ , M) be a smooth cutoff 
function with x(^) = 1 for all x € [0,1], x(^) = for all x > 2, and x'i^) ^ fo'^ 
all x € M+. Setting xn{x) = x{x/N) and <fN{x) = Jq XN{y) dy for all x G M+, Ito's 
formula yields, suppressing the -h subscript for semplicity of notation. 



ft 

|2\ 



^N{U{t)) = ^N{\xn + / f'N{U{s-))dU{s) 

Jo 

+ ^ [ipNiUis-) + AC/(s)) - ipNiUis-)) - ip'^{Uis-))AU{s)] (16) 



s<t 



By Taylor's formula, there exists 9 G (0, 1) such that the summand in the last term on 
the right-hand side can be written as 

iPN{U{s-) + eAU{s)) [AC/(s)|2, 

which is negative P-a.s. because ^%{x) = x'n^^) ~ ^^^x'i^/N) < for all x G M+. 
Moreover, the second term on the right-hand side of <\16h can be written as 



t i-t 

'i\iA„.t„\ „.(„\\^„ 10/ / — n„j „ m2a 



-2/ XN{\u{s)\'){Au{s),u{s))ds + 2 / xn{Hs-)\'){u{s-),G{u{s-), z)) fi{ds,dz) 
Jo Jo Jz 

+ [ [ Xn{\u{s-)\^)\G{u{s-),z)\^ i^{ds,dz). 
Jo Jz 
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Therefore, taking expectation on both sides of ([TO]) , recalhng that the compensator of fi 
is Leb (8) m, we are left with 

Ev3jv(|n(t)P) <E^^(|x|2)-2E / xn{\u{s)\^){Au{s),u{s)) ds 



+ E / / XN{\u{s)\')\G{u{s),z)\'m{dz)ds. 
Jo Jz 

Recalhng Tonelli's theorem yields 

E^N{\u{t)f) + ai [ ExN{\u{s)\^)\u{s)\Pyds 
Jo 

<Ev?jv(|xp) + ao / ExNi\uis)\'')\uis)\^ds + tC. 



for all t > 0. Integrating both sides with respect to z/ on H, applying again Tonelli's 
theorem, the definition of invariant measure, and setting t = 1, we obtain 

ai / XN{\xf)\x\Yi'{dx) < ao xn{\x\'^)\x\'^ J^{dx) + C. (17) 
Jh Jh 

By the inequality e^jxp < e^lxj^ + 1 and the continuity of V ^ H, we have 
XN{\x\')\x\^iy{dx)<eP-^d' [ XN{\x\^)\xfy iy{dx) + e-\ 

H JH 

hence 

XN{\x\^)\x\^J^{dx)<e'^ + (ao / XN{\x\^)\xf T^{dx) + C 

Ih Oil \ Jh 

Choosing e sufficiently small we get 

Xn{\x\'^)\x\^ T^{dx) < 1, 

H 

thus also, by the monotone convergence theorem, f^j v{dx) < oo. This immediately 
yields the result, in view of (|17p . □ 

The estimates just established allow one to deduce the existence of an ergodic invariant 
measure. 

Corollary 2.7. There exists an ergodic invariant measure for the semigroup Pf. 

Proof. The last estimate in the proof of the previous theorem and (I17p allow to conclude 
that there exists a constant N, independent of z^, such that 



H 



\x\^i^{dx) < N 



for any invariant measure u. Denoting by TV C A4i{H) the set of invariant measures of 
Pt, Markov's inequality yields 

sup u{\x\v > i?) < 4^ sup / u{dx) < ^ 0. 
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Therefore, by the same argument used in the proof of Theorem 12.51 we conclude that M 
is tight, hence, thanks to Prohorov's theorem, (relatively) compact in JV[i[H). Since M 
is non-empty and convex, Krein-Milman's theorem ensures that M has extreme points, 
which are ergodic invariant measures for Pt by a well-known criterion (see e.g. [TJ 
thm. 19.25]). □ 

Finally, we give a sufficient condition for uniqueness of an invariant measure under an 
extra super linearity assumptions on the couple {A,G). 



Proposition 2.8. Assume that there exist rj > and 6 > such that 

\2+5 



2{Av - Aw,v -w) -\G{v,-) -G{w,-)\l^ > vlv - wf+\ yv,weV. 



Then Pt has a unique strongly mixing invariant measure. 

Proof. Let x,y ^ H. Then Ito's formula for the square of the norm in H implies, after 
taking expectations, 

E|n(t, x) — ti(t, y)|^ -|- 2E / {Au{s , x) — Au{s , y) , u{s , x) — u{s , y)) ds 



Jo 

<\x-y\'^+E / \G{u{s,x),z) - G{u{s,y),z)\'^ m{dz)ds 
Jo Jz 

< |x — — 77 / E,\u(s, x) — u(s,y)\'^^^ ds 
Jo 

for all t > 0, where we have used Jensen's inequality in the last step. Since the solution 
^ : M+ of the ordinary differential equation 

C' = -7?Ci+V2, C(0) = |x-y!2 

is such that lim^^oo C(^) = for all x, y H, we conclude by a standard comparison 
argument that K\u{t,x) — u{t,y)\'^ — > as t ^ oo. 

Let v be an invariant measure for Pt. Then for any / G G^'^{H) we have 

Ptfix)- [ fdu = [ Ptf{x)v{dy)- [ Ptf{y)u{dy) 
Jh Jh Jh 



< / \Ptf{x)-Ptf{y)\u{dy) 
Jh 

< 1/1^0,1 / {nu{t,x)-u{t,y)\^f'\{dy). 

Jh 

Since (E|7i(t,x) — 77(t,y)p)^/^ < jx — y| and J^j \x — y\ v{dy) < oo, we can pass to the 
limit under the integral sign as t — > oo by the dominated convergence theorem, thus 
concluding that \Ptf{x) — f du\ — >■ as t — oo, and in particular that v is the unique 
invariant measure. Moreover, since C^{H) is dense in L2{H,v), one has that for any 

lim Ptf{x) = fdu, xe H, 
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i.e. V is strongly mixing (in particular ergodic) as required. □ 

3. Essential m-DissiPATiviTY of the Kolmogorov operator 

Denoting by u{-,x) the solution to the stochastic equation ([T|), we have proved in the 
previous section that the semigroup 

PJ(x) :=E/(n(t,x)), f € Bh{H) 

admits a (not necessarily unique) invariant measure z/. As is well-known, Pt can be 
extended to a strongly continuous Markovian semigroup of contractions on Lp{H,v), 
p > 1. In the following we shall denote the extension of Pt to Lp{H, v) again by Pf. 
Let us define the operator (L, D{L)) in Li{H, v) by 

Lf{x) = -{Ax,Df{x))+lf{x), xeV, 



Ifix)= / [fix + Giz))-fix)-{Dfix),Giz))]midz), 

D{L) = {/ € Cl{H) n Cl{V) : {Ax,Df{x)) G L^{H,v)]. 

Note that the nonlocal term Zf in the definition of L is a well-defined element of Li{H, v) 
for f & Cf^' (H). In fact, the fundamental theorem of calculus yields 

\f{x + Giz))-fix)-{Df{x),G{z))\ 



< 







{Df{x + eG{z)),G{z))d9-{Df{x),G{z)) < \Df\^,o,i\G{z)\ 



therefore, since G G L2{Z,m), we have that \Zf\ < 1, thus also Xf G Li{H,v). 

By a computation based on Ito's formula one can see that the infinitesimal generator 
of Pt in Li{H, v) acts on smooth enough functions as the operator L just defined. Since 
Pt is a contraction for all t > 0, we have that {L,D(L)) is dissipative in Li{H,v). 
The question of Li-uniqueness then arises naturally: is Pt the only strongly continuous 
semigroup on Li{H, v) such that its infinitesimal generator extends (L, D{L))7 Under a 
"regularizability" hypothesis on A, we shall give an affirmative answer to this question, 
proving that the closure of L in Li{H, u) generates a strongly continuous semigroup. In 
fact, since L is dissipative, this will imply that the semigroup coincides with Pt- 

Throughout this section we shall assume that there exists a sequence of monotone 
operators A^ G C^'^{H ^ H) n Cl{V V) such that A^x Ax in V for all x G F 
and |j4^x|y' < A^dxl^""*^ + 1) with independent of s. 

We are going to prove that L is dissipative in Li{H,l') just assuming that v is an 
infinitesimally invariant for L satisfying the integrability condition 

X ^ \x\lr + \x\h G Li{H, I'). (18) 

More precisely, the assumption of being infinitesimally invariant amounts to assuming 
that 

/ Lfdu = V/G/C, 
Jh 

where /C := GI'\h) n G^{V'). Note that (USD and / G /C imply that Lf G Li{H,v), 
so that the above condition is meaningful. In fact, one has Zf G Li{H,l') for all 



12 CARLO MARINELLI AND GIACOMO ZIGLIO 

/ G Cl'^{H), as seen above, and 

\{Ax,Df{x))\ < \Ax\v' snp\Df{y)\ < + 1 G z.). 

Let us recall that any invariant measure is infinitesimally invariant, but the converse does 
not hold, in general. Moreover, any invariant measure for ([1]) satisfies the integrability 
condition (llSp thanks to Theorem 12.61 

Lemma 3.1. The operator {L,D{L)) is dissipative, hence closable, in Li{H,u). 

Proof. Let f £ JC and 7^ G C^(M) be a convex function with such that 7^ is a smooth 
approximation of the signum graph 



sgn^xj 



1, X < 0, 
[-1,1], x = 0, 
1, x>0. 



Then we have 7£(/) G /C and 

L7,(/) = (^x,Z)/)7:(/) +T7.(/), (19) 
where, by a direct calculation, 

^7.(/)-7:(/)x/ 

[7e(/(x + G(z))) - 7.(/(x)) - 7^(/(x)) (/(x + G(z)) - /(x))] 

Since 7^ is convex and differentiable, we infer that Reif) > 0. Therefore, taking the 
previous inequality into account and the infinitesimal invariance of u, one has, integrating 
([19]) with respect to v, 



I Lj,{f)du = = I jUf)Lfdu + I ReU)du, 
hence / I'eif) Lf du < 0, and passing to the limit as e ^ 0, 

Lfidu< 0, 



where ^ G Lao{H,v), ^ G sgn(/) z^-a.e. Since Li{H,i>y = Loo{H,i>), recalling that the 
duality map J : Li{H, u) 2^°°^^''^^ is given by 

J : {v e Loo{H,v) : v G \u\l-^(^h,u)^S^{u) z^-a.e.}, 

we infer by the previous inequality that L is dissipative in Li{H, u). □ 

The following result gives a positive answer to the Li-uniqueness question posed above. 

Theorem 3.2. Let {L,D{L)) be the closure of the Kolmogorov operator L in Li{H,v). 

Then {L,D{L)) generates a strongly continuous Markovian semigroup of contractions Tf 
in Li{H,i>), for which v is an invariant measure. 
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Proof. By the Lumer-Phillips theorem, L generates a strongly continuous semigroup of 
contractions if R{al — L) is dense in Li(H, z^) for some a > 0. 
Consider the regularized equation 

du{t) + A^^udt = / G{z)dll{dt,dz), u(0) = x G if, (20) 
Jz 

with 

A'^x := [ e^^A'ie^^x + yhic-He^>^c_Ady), A > 0, 
Jh 2 y ' 

where C : D{C) <Z V ^ H \s a. self-adjoint, negative definite linear operator such 

that is of trace class, and 7q stands for a centered Gaussian measure on H with 

covariance operator Q. Then, by the Cameron-Martin formula, one has 

and A'^^x — > A'^x for all x G -ff as A — > (see e.g. |6l §2.3-2.4] for details). Moreover, 
j^e\ inherits the monotonicity of A"^, and 

{A^^yx= [ e^^(^^)'(e^^x + y)e^Sic-i(e-c_i)(^iy), 

so that A^^ e CliV V). 

Since A""^ is Lipschitz continuous on H, (|2Up admits a unique strong solution u^a (e.g. 
by [151 thm. 34.7]). Set 

/•oo 

fexix):=E e-'''ip{uexit,x))dt, xeH, (21) 
Jo 

where G /C and a > are fixed. Since A""^ G C^{H H), one has, thanks to [15^ 
thm. 36.9], that x i— > Us\{t,x) is Frechet differentiable for all t > 0, and its Frechet 
derivative acting on an arbitrary y ^ H, denoted by := Due\[y]., solves the initial 
value problem (in the P-a.s. sense) 

+ (A^^)'(u,,)<, = 0, vl^{Q, x) = y. (22) 

A computation based on Ito's lemma for the square of the norm and the monotonicity 
of A""^ reveals that x ^ Usx{-, x) G C°^'^{H M2{T)) for all T > 0, and 

\x ^ Usx{t,x)\^o^^^jj^^,^ <1 > 0. 

This immediately implies that \v^x\ — \y\ ^'-'^ y (z H , as the operator norm of the 
Frechet derivative of a Lipschitz continuous function cannot exceed its Lipschitz constant. 
Moreover, since (^^'^)'(^) G CjjiH H) for all ^ G -ff, from (l22|) we infer that x ^ 
u^x{t,x) is continuously differentiable P-a.s. for all t > (e.g. by [HI §X.8]). Applying 
the chain rule for Frechet derivatives (see e.g. [2, Prop. 1.4]) in ()21|) . taking into account 
that (/? G C^' (H) and u^x is Frechet differentiable with \Dusx{t)\ bounded uniformly 
over t, we get 

poo 

Df,x{x)[y]=K e-'''Dip{u,x{t,x))vl^{t,x)dt (23) 
Jo 

for all y G ii, which also immediately yields 

\Dfex{x)[y]\<\y\ yyeH, (24) 
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that is f^x G C^{H). In order to conclude that f^x G Cl'^{H) we thus have to prove 
that -D/eA £ C^'^{H — H). Let us observe that we can write 

\Df,x{x)[y]-Df,x{x)[z]\ 

/•OCi 

< E / e-'''\D^{u,x{t,x)y^^{t,x) - Dip{u,x{t,z))vy^it,z)\ dt 

Jo 

l-OO 

< E / e-'''\D<p{u,x{t,x))vy^{t,x) - D^{u,xit,x))vl^{t,z)\ dt 

Jo 

POO 

+ E / e-'''\Dip{u,x{t,x))vy^{t,z)-Dip{u,x{t,z)y^^{t,z)\dt, 
Jo 

where, recalhng that x i— > Uex{t,x) and Vex{t) are respectively Lipschitz and bounded 
uniformly over e, X and t, and that (f G C^'^(iJ), 

\Dip{u^x{t,x))vl^{t,z) - D(f{u^x{t, z))v^^^{t, z)\ < \D(p\^o,i\uex{t,x) - u^x{t, z)\ \v^^xi^,z)\ 

^\x-z\ \y\. 

Moreover, we also have 

\Dip{u,x{t,x))vl^{t,x) - Dip{u,x{t,x))vl^{t,z)\ < \Dip\co(^H^H)\v^e\it,x) - v^^^it, z)\, 

from which it follows that in order to show that Df^x is Lipschitz on H it suffices to 
prove that x v^xit^ x) is Lipschitz on H. We have 

- vy^{t,z)) + {A^'nu,x{t,x))vy,{t,x) - {A^'y{u,xit,z))vy^{t,z) = 0, 

hence, taking scalar products with v^^^{t,x) — v^^^J^t, z), 

where / = /(e, A, t, x, z, y) satisfies 

+ {{A^^)'{u,x{t,x))vl^{t,z) - {A^'^)'{uex{t,z))vUt,z),vl^{t,x) vl,{t,z)) 
> {{A^'nu,x{t,x))vy,it,z) - {A^'nu,x{t,z))vl^{t,z),vl,{t,x)-vl,it,z)), 

once one takes into account that {A'^''^y{u£x{t,x)) is a positive linear operator, be- 
cause A'^''^ : H ^ H is monotone and differentiable. Then we also get, recalling that 

\v!xit,z)\<\y\, 



-I < l\{{A^^y{u,x{t,x)) - {A^>^y{u,x{t,z)))vUt,z)\ 



2 



< l\y\' Wr?! \uex{t,x) - U,x{t,z)f + l\vlxit,x) - vy^{t,z)\ 



2 



<\yf\x-z\' + \vy^{t,x)-vl^{t,z)\\ 



2' 

2 
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In the last step we have used that {A^^)' € C^{H — s- C{H H) and that x ^ u^\{t, x) 
is Lipschitz. Gronwall's inequahty then yields 

\ve\{'t,x) - V^x{t,z)\ <\x- z\, 

thus concluding the proof that ff,\ € Cl'^{H). 

Let us now prove that f^x € C^{V'): in view of (j23|) . it is enough to prove that 
l^eA("^)l^' — \y\v'- Here we regard (/? as a function from V' to M and x ^ Uir\{t,x) 
as a map from V' to itself, so that Vex{t,x) G C{V' — > V') and v^)^{t,x) G V . Let 
J : V' ^ V" V denote the duality map between V' and V (or equivalently, let 
J = -F^^, with F the duality map between V and y'). Multiplying both sides of (f22]) by 
J{v^xi^^ ^))' ™ the sense of the duality pairing between V' and F, we obtain, taking into 
account that {A"^-^)' is positive, \v^x(^)\v — Ivlv- We have thus proved that /^a G /C. 
This in turn implies that fex satisfies 

af,x{x) + v'{A'^x,Df,x{x))y 

- [ [fex{x + G{z)) - f,x{x) - {Df,x{x), G{z))] m{dz) = ^{x), x e H, 

JZ 

hence also 

aj,x[x) + {Ax,Dj,x[x))-Xj,x{x) = v{x) + {Ax - A'^x, Df,x{x)), 

and 

\af,x + {Ax,Df,x)-Ifex\L,iH^,) < \v\L^iH,u) + | (^^ " A'^X, Df,x)\L^^H^,y 

Note that \Dfi.x{x)\v ^ 1 thanks to the above bound on \vsxix)\v', so that 
f \{Ax-A'^x,Df,x{x))\i^{dx) 

JH 

< / \Ax - A^xlv i^idx) + / {A'^x - A''^x\v"^idx) 

JH JH 

which converges to as A —> and e ^ by the dominated convergence theorem. In 
fact, thanks to the hypotheses on A and A^ , we have \Ax — A^x\yi < + 1 for all 
X G y, and v is concentrated on V by (jlSp . Moreover, since H ^ V' is continuous and 
|A^'*'x| < \A^x\ for all x ^ H, we have \A'^x — A'^^x\v' \ ^ \x\h + 1 G Li{H, v), because of 
(jlSp . We have thus shown that 

lim. lim {afex + {Ax, Df^x) - Ifex) = 

£ — ^0 A — ^0 

in Li{H,u), i.e. that R{al — L) is dense in Li[H,u), because /C is dense in Li{H,v). 
Since L is also dissipative, we immediately infer that L is m-dissipative in Li{H,v). 

Let us denote the strongly continuous semigroup of contractions on Li{H,v) with 
generator L by T^. Let us now prove that Tt is Markovian: for this it is enough to show 
that 

/ Z/l{;>i}dz.<0 yf€D{L) 
JH 
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(see e.g. PUJ p. 109]). Let 7^ € C^(M) be a convex function such that 7^ is a smooth 
approximation of x 1— > l]i,+oo[(^)- Then, proceeding as in the proof of the previous 
lemma, we obtain the claim for all / € /C first, and for all / € D{L) by density. 

In order to prove that v is an invariant measure for Tt, let us observe that one has, 
by definition of infinitesimal invariance and by a density argument, 

/ Lfdu = yfeD{L). 
Jh 

Since Ttf G D(L) for all t > if / G D{L), we have, by the infinitesimal invariance of v, 

[ Ttfdu= I fdu+ I [ LTJdvds= [ fdu 
Jh Jh Jo Jh Jh 

for all / G D(L), thus also for all / G Li{H,v) by density. □ 

Remark 3.3. The theorem implies that if u is an invariant measure to the stochastic 
equation ([T]) satisfying the integrability condition, then for all / G Bi,{H), one has that 
Ttf is a z^-version of Ptf for all t > 0. 

Remark 3.4. The dissipativity of L in L2{H, v) is easier to prove: in fact, for f IC, we 
have 

L(/2) = 2/L/ + r(/,/), 

where 

r(/,/)= / \ f{x + Giz))-fix)\^midz)>0 
Jz 

is the so-called carre du champ operator associated to I, which is defined as 

r{f,g) ■.= l{fg)- flg-glf 

and takes the form 

r(/,5)= / {f{x + G{z))- f{x)){g{x + G{z))-g{x))m{dz). 
Jz 

In particular one has the integration by parts formula 

j fLfdu = - 1 nf,f)du. 

However, as one might expect, one needs stronger integrability assumptions on v to prove 
the essential m-dissipativity of L, e.g. (roughly) of the type x 1— > |ylx|^ G Li{H, v). Such 
an assumption would in turn require the data of the problem to be much more regular. 

4. Applications 

4.1. SDEs with monotone drift. \{ V = H = R'^, so that ([T]) reduces to an ordi- 
nary stochastic differential equation with monotone drift, our results on ergodicity can 
be recovered applying [TOl Thm. 2], which provides existence and uniqueness of strong 
solutions (even in a more general situation than that treated here), and [191 Thm. 1.25], 
which establishes boundedness in probability for the solution by a Lyapunov-type crite- 
rion. In our case one can choose as Lyapunov function simply V{x) = 
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4.2. Stochastic equations with drift in divergence form. Let D C M*^ be a 

bounded domain with smooth boundary, and set H := L2{D), V = Wp{D), V' = 
W~^{D), with p > 2, p^^ + = 1. Note that V ^ H is compact by a Sobolev 
embedding theorem (see e.g. [2, Thm. 0.4]). Consider the operator A : V ^ V defined 
by 

Au := - div (a(V-u)), 
which must be interpreted, as usual, as 

{Au,v) = / (a(Vn), Vf )]fjd Vf € F. 

Jd 

Here a € C°(M'^ ^ R'^) is a monotone function satisfying the polynomial growth condi- 
tion |a(x)| < + 1 and the coercivity condition xa{x) > — 1. 

Let Oe G C'°'^(M'^ W^), de{x) = e'^{x — {I + ea)~'^x) be the Yosida approximation of 
a, set Us = d^* where {Q} is a standard sequence of mollifier (in particular G C°°, 

€ C^), and define the operator A^ on smooth functions as 

A^'u = -{I - eA)-^ div (ae(V(/ - eA)~\)) , 

where A stands for the Dirichlet Laplacian on D. We are going to show that A^ satisfies 
the assumptions of the previous section. For this we shall need some elliptic regularity 
results, which we recall here (see e.g. [12' §8.5] for details). 

Lemma 4.1. Let f E Lp(D), p >2. Then there exists ei such that, for all e < £i, there 
exists a unique solution u € Wp to the equation 

u — eAu = f 

on D with Dirichlet boundary conditions. Moreover u satisfies the estimate 

\u\Lj,{D)+£^^'^Hw^(D) < N\f\Lp(D), 

where N does not depend on e. 

Let us first show that A^ is well-defined both as an operator from H to itself, as well 
as from VioV. Using the notation 

= {I -eA)-^v, 

we may write 

{A^u,v)= [ (ae(Vn(")),Vi;(^))Kdfix. (25) 
Jd 

Note that iiveH, then f e W2 and 

\'^v'-'^\h<\v^'^\wUd) S \v\h. 
Moreover, since is Lipschitz continuous, we have 

la,(Vn(^))l < la,(Vn(^)) - a,(0)| + |a,(0)l < \Vu^''>\ + \aMl 

thus also 

\{A'u,v)\ < \ae{Vu('^)\H iVv^'^H < {\u\h + ae{0))\v\H, 
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which shows that A'' is well-defined from H to itself. Similarly, ii u, v ^ V = Wp{D), 
we have, by Holder's inequality, 

where we have used again Lemma HTTI and \\ ■ \\Lq{D) ^ II ' IIlp(D) ior p > q and D bounded. 
We have thus shown that is well-defined from V to V. 

The monotonicity of A"^, both as an operator from H to itself and from V to V is 
immediate by (I25p and the monotonicity of a^. 

Let us now show that A^ is Lipschitz continuous on H. In fact, taking into account 
Lemma l4.lt we have 

\{A'u- A'v,w)\ = \{ae{Vu'-'^) - ae{Vv^'^),Vw^'^)\ 

S I V(i;(^) - w^'^)\ I Vu;(=) \ <e \u - v\h \w\h- 

Since G C^, a direct computation yields that A"^ is Gateaux differentiable from V to 
V' with Gateaux differential 

aA^y{u)[v],w) = [ (a',iVu^^^)W^\Vw^^\,dx (26) 



JD 

for all u, V, w € V. Note that the integral is well defined because |ae(a;)| ^ 1 for all 
X G W^, since is Lipschitz continuous. By a well-known criterion, we can conclude 
that A" eC^{V ^ V) if we show that {A^)' in ([26l) is continuous as a map V C{V 
V). Let M„ ^ u in Wp{D) as n —i- oo: applying Holder's inequality and Lemma HTT] 
repeatedly, we obtain 

sup sup {{A'y{un)[v]-{A'y{u)[v],w) 

< \Vw^'^\lad) |«(Vn(f)) - a;(V^.(^)))Vt;(^) 
<|Vt;(^)k,(D)|<(Vn(f))-4(Vn(^) 
< 



In fact, since a'^ is Lipschitz, it follows that |a£(x)| < |2;|p^^ + 1, and Vti^^ — > Vn'^'^-* 
in Lp implies convergence a.e. on a subsequence, from which we can conclude by the 
dominated convergence theorem (see e.g. [21 Thm. 1.2.6] for complete details in a similar 
situation). We have thus proved that A^ e C^{V ^ V). 
We conclude proving that 

lim lA'^u - Au\v' =0 Vn € 

e^O 

We have 

,(Vu(^)),Vu;(^)) - {a{Vu),Vw)\dx 

< [ \{ae{Vu^'^) - a(yu),Vw)\dx + [ \{aeiVu^'^),Vw^'^ - Vw)\dx. 
Jd Jd 



D 
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Since < A^(|j;|^'~^ + 1) with independent of e, the second term on the right-hand 

side can be majorized by 

where we have used once again Lemma l4.ll Since as e ^ 0, we can 

upgrade the convergence to a.e. convergence, passing to a subsequence, still denoted by 
e. By Egorov's theorem, there exists Ds C D, \D \ Ds\ < 6, such that Vu^^^ — > Vu 
uniformly on Ds as e — > 0. Since and its limit function a are continuous on W^, we 
have 

lim lim a^iVu^^'^) = lim lim a£(Vn*'''^) = a(Vu) 

pointwise on Dg, hence by a diagonal extraction argument, there exists a further subse- 
quence of e, still denoted by e, such that, by the dominated convergence theorem. 

On the other hand, we have 

|a,(Vn(^)) - a(Vn)|^ < / {\Vu\p + l) dx 

^ Jd\Ds 

<\D\Ds\{\Vu\l, + 1)<S{\Vu\l, + 1). 

Since 5 is arbitrary, we conclude that the integral above converges to zero as e — > 0, thus 
finishing the proof. 

4.3. Stochastic porous media equations. Let D, A, p, q, and {Ce} be defined as 
in the previous subsection. Set V = Lp{D), H = W^^iD), V = A{Lq{D)), so that 
V ^ H compactly by a Sobolev embedding theorem (see e.g. |2H Prop. 4.6]). The 
norm in W2^{D) will be denoted by | • Consider the operator 

A:V ^V' 

u ^ -A(3{u), 

where /? G C''(M) is increasing and satisfies 

x(3ix)>\x\P-l, \Pix)\<\xr' + l 

for all X G M. Note that these conditions on /? imply that A is well-defined (see e.g. |18t 
§4.1] for details). Set 

so that /3e € C^, and define the operator 

A'u := -A{I - eA)-^l3e{{I - eA)-^u) 
on smooth functions. Then A^ is well-defined as an operator from H to itself, since 

{A^u.w).^ = I f3M'M'^ dx < |/?,(^x(-))|^^(^) < \wUi\uU + 1) 

for all u, w G W2^{D), because /?£ is Lipschitz and \u^^^l2{d) ^ (see e.g. [U 

Thm. 3.3.1]). A completely analogous computation also shows that A^ € C^'^(H H). 
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Let US also show that is weh-defined as an operator from V to V': for u, w (z Lp[D), 
Holder's inequality yields 

{A^u,w) = dx < h(^)L^(B)|/3.(«(^))L,(^) < \w\L,iD){\n\L,iD) + l), 

where we have used Lemma [4.11 and the estimate |/3£(x)| < |/3(x)| < |x[^~^ + 1. The 
latter also immediately implies that |j4^x|v' < A^(|x|y~^ + 1), with independent of e. 

As in the previous subsection, it is not difficult to see that is Gateaux differentiable 
from V to V , with Gateaux differential 

{{A'yu[v],w) = [ /3^(n(^))t;(^)u;("\ u, v, w e Lj,{D). 

JD 

The continuity of the Gateaux differential (hence the Prechet differentiability of A^ : 
V — > V') follows by an argument similar to the one used in the previous subsection, and 
we shall be more concise here: for u„ ^ n in Lp{D), we have 

< \v\L,iD) klL,(D) 1/3^(4^)) - /3:(^^^^)L,/(,_,)(D)- 

We proceed now as above: since Un^ u^'^^ a.e. along a subsequence, we can appeal to 
the dominated convergence theorem, in view of the obvious bound [/^^(x)! < + 1. 

The proof that A^u — > Au in V for all n E ^ as e ^ is completely similar to the 
corresponding proof in the previous subsection, hence omitted. 
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